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Electrodynamic tether systems have the potential to allow orbital maneuvers to be undertaken with little or no

propellant. However, when operated in this mode, the current must be modulated on a fast timescale compared with

the variation in the average orbital elements. This paper introduces a new numerical technique for calculating

optimal trajectories for general dynamical systems for which the dynamics evolve on multiple timescales. The

method combines quadrature and pseudospectral methods using the Chebyshev–Gauss–Lobatto points, which are

shown to be ideal for handling timescale separation. The resulting nonlinear programming problem generates a

significantly reduced problem size compared with solving the full-scale problem. Numerical results for a problem

with an analytic solution show that the method achieves high accuracy. Results generated for hanging and spinning

electrodynamic tethers demonstrate that spinning electrodynamic tethers can be more efficient for orbital

maneuvering.

Nomenclature

a = orbit semimajor axis, km
Dk;j = entry of differentiation matrix, row k, column j
e = orbit eccentricity

efL = lower bound on endpoint conditions at final time

efU = upper bound on endpoint conditions at final time

e0L = lower bound on endpoint conditions at initial time

e0U = upper bound on endpoint conditions at initial time
fh = normal perturbed acceleration of center of mass, m=s2

fr = radial perturbed acceleration of center of mass, m=s2

ft = transverse perturbed acceleration of center of mass,
m=s2

f!1
= vector field for slow dynamics

f!2
= vector field for fast dynamics

h = orbital angular momentum
I = electric current, A
I j;k = entry of integration matrix, row k, column j
i = orbit inclination, rad
J = performance index for optimization
L = tether length, m
L = integrand of the Bolza cost function
m = tether system mass, kg
N!1

= number of nodes used for discretization of slow time
N!2

= number of nodes used for discretization of fast time
pL = lower bound on path constraints
pU = upper bound on path constraints
p = semilatus rectum, km
r = orbit radius, km
Tk = Chebyshev polynomial of order k
t = physical time
tf = final time
t0 = initial time
u = control inputs
x!1

= slow-state variable
x!2

= fast-state variable
E = Mayer cost function

� = in-plane libration angle, rad
� = gravitation parameter, m3=s2

�m = dipole strength of Earth’s magnetic field
� = true anomaly, rad
� = computational domain for Chebyshev polynomials
�k;j = entry of interpolation matrix, row k, column j
�k = Lagrange interpolating polynomial at kth node
� = right ascension of ascending node, rad
! = argument of perigee, rad

Introduction

M ANY dynamical systems have dynamics that evolve on
different timescales. A typical example is a rigid-body air-

craft, which has fast dynamics associated with attitude dynamics and
slow dynamics associated with the translational motion. It is this fact
that is often exploited in control system design, for which an inner
and outer loop are employed. The inner loop is designed to stabilize
the fast dynamics, whereas the outer loop is designed to control the
slower dynamics. Determining numerical optimal trajectories for
such systems using direct transcription methods has either been
tackled by treating only the slow dynamics [1–3], for which a coarse
mesh can be used, or by discretizing the full dynamics, for which a
finer mesh or combination of a coarse mesh and repeatedly solving a
sequence of problems with moving initial conditions is required
[4,5]. Recently, Desai and Conway [6] presented an approach that
modified the original approach presented by Herman and Conway
[7], which effectively allowed different meshes to be used by the fast
and slow dynamics. In the method presented by Desai and Conway
[6], the entire time domain is divided into a sequence of smaller
intervals inwhich low-order polynomial approximations are used for
the slow states. The same polynomial order is used for the fast states,
but each interval is further subdivided into two or four subintervals
for approximation of the fast states. This paper develops an alter-
native approach suitable for solving optimal control problems on
multiple timescales. At its core is the Chebyshev pseudospectral
method, which uses a Gauss–Lobatto grid and Lagrange inter-
polating polynomials to approximate the fast states. The slow states
are approximated via numerical quadrature, which allows signifi-
cantly fewer nodes to be used and, thus, results in a smaller problem
size.

This paper is motivated by the problem of determining optimal
trajectories for electrodynamic tethered systems. When used for
modifying the orbital elements of the system center ofmass, the set of
dynamical equations that govern the evolution of the system have
components that exhibit fast and slowmotion. For example, themean

Received 2 May 2009; revision received 27 July 2009; accepted for
publication 30 July 2009. Copyright © 2009 by Paul Williams. Published by
the American Institute of Aeronautics and Astronautics, Inc., with
permission. Copies of this paper may be made for personal or internal use, on
condition that the copier pay the $10.00 per-copy fee to the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923; include
the code 0731-5090/10 and $10.00 in correspondence with the CCC.

∗Researcher; currently at 1/4 Maylands Avenue, Balwyn North Victoria
3104, Australia. Member AIAA.

JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 33, No. 1, January–February 2010

88

http://dx.doi.org/10.2514/1.45250


orbital elements vary slowly with time, whereas the current (control)
input typically varies at a much faster rate. In [8], Williams deter-
mined optimal trajectories for an electrodynamic tether including the
effects of tether libration using direct transcription methods. A fine
mesh was used for all dynamical states, which results in a very large-
scale nonlinear programming problem. Tragesser and San [9] de-
veloped a simple approach for controlling the orbital elements of a
hanging electrodynamic tether. The approach assumes a fixed form
for the current variation, based on a Fourier series expansion. By
fixing the average orbital elements, the required coefficients of the
current are determined after analytically integrating the orbit pertur-
bation equations based on small eccentricities. To account for
limitations on the current draw, it is necessary to scale the time of
flight accordingly. Williams [10] adapted this approach for the case
of spinning electrodynamic tether systems. Stevens and Wiesel [11]
developed the approach further by using modified equinoctial
elements and applied the Legendre pseudospectral method to obtain
optimal maneuvers for a hanging tether. The approach in [11]
optimizes the coefficients of the Fourier series expansion for the
current and enforces constraints on the maximum current by limiting
the average power. The approach is still limited to small eccen-
tricities, and further application requires rederiving the change in
orbital elements due to the electric current. Williams et al. [12]
developed a recursive algorithm for solving orbit transfer problems
with electrodynamic tethers using direct shooting. The approach is
suboptimal for long maneuver times, but has the advantage that it
easily accounts for librating and spinning tethers.

This paper makes several contributions in the area of trajectory
optimization for electrodynamic orbit transfers. First, an approach
for solving general optimal control problems for systems for which a
separation of timescales exists in the dynamics is presented. The
approach is based on approximating the state and control trajectories
using Lagrange interpolating polynomials. The nodes selected for
discretizing the problem are the Chebyshev–Gauss–Lobatto (CGL)
points, which have properties that prove to be very convenient when
dealing with problems involving timescale separation. In contrast to
the results in [11], no analytical approximations are required for
the approximation of the variation in orbital elements, and no as-
sumption about the variation in electric current is needed. The nu-
merical approach is derived andfirst applied to a simple problemwith
an analytic solution. The approach is then applied to the problem of
determining optimal orbital transfers of electrodynamic tethers. It
will be shown that the approach can accurately determine optimal
trajectories for electrodynamic tethers involving both hanging and
spinning tethers.

Optimal Control Problems with Timescale Separation

Problem Statement

To facilitate the discussion, a rather general optimal control
problem may be considered. Consider the problem of determining
the slow-state–fast-state control triple fx!1

���; x!2
���; u���g so as to

minimize the cost function

J � E�x!1
�t0�; x!1

�tf�; x!2
�t0�; x!2

�tf�; t0; tf�

�
Z
tf

t0

L�x!1
�t�; x!2

�t�; u�t�; t� dt (1)

subject to the nonlinear state equations for the slow states

_x !1
�t� � f!1

�x!1
�t�; x!2

�t�; u�t�; t� (2)

the nonlinear state equations for the fast states

_x !2
�t� � f!2

�x!1
�t�; x!2

�t�; u�t�; t� (3)

the endpoint conditions

e 0
L � e�x!1

�t0�; x!2
�t0�; t0� � e0U (4)

e fL � e�x!1
�tf�; x!2

�tf�; tf� � efU (5)

path constraints

p L � p�x!1
�t�; x!2

�t�; u�t�; t� � pU (6)

and box constraints

x !1L
� x!1

�t� � x!1U
x!2L
� x!2

�t� � x!2U

uL � u�t� � uU
(7)

where x!1
2 Rn

!1
x , x!2

2 Rn
!2
x , u 2 Rnu , t 2 R, E: Rn

!1
x 	 Rn

!1
x 	

Rn
!2
x 	 Rn

!2
x 	 R 	 R! R, L: Rn

!1
x 	 Rn

!2
x 	 Rnu 	 R! R, e0L,

e0U 2 Rn
!1
x 	 Rn

!2
x 	 R! Rn0 , efL, e

f
U 2 Rn

!1
x 	 Rn

!2
x 	 R! Rnf ,

pL, and pU 2 Rn
!1
x 	 Rn

!2
x 	 Rnu 	 R! Rnp . This optimal con-

trol problem is discretized and then solved using nonlinear
programming.

This optimal control problem formulation is easily extended to the
case of three or more different timescales or the separation of the
control inputs to multiple timescales. In this work, however, the con-
trol input is assumed to be applied to the fast timescale, t!2

. It is a
trivial extension to consider the control input applied to the slow
timescale.

Numerical Solution Approach

Typical approaches for solving optimal control problems of the
type described in the previous section include Hermite-based
methods [6,7] or higher-order versions [13] and pseudospectral
methods [14,15]. The Hermite-interpolating-based approaches ap-
proximate the state trajectories using Hermite-interpolating poly-
nomials using a set of basis nodes that coincide with the Legendre–
Gauss–Lobatto (LGL) points for a specified polynomial order.
Pseudospectral methods approximate the state trajectories using
Nth-order Lagrange interpolating polynomials and typically use the
LGL points as the nodes, although the Jacobi–Gauss–Lobatto points
are the most general set of classical nodes [16]. The LGL points are
the natural set of points to use for approximating boundary value
problems because they are formulated to integrate polynomial func-
tions exactly for degrees up to 2N 
 1. The CGL points have also
been used for solving optimal control problems [17,18] and have the
advantage that the locations of the nodes have a closed-form solution.

In all the aforementioned techniques, the goal is to convert the
continuous optimal control problem into a discrete parameter optimi-
zation problem that can be solved using standard nonlinear pro-
gramming software. This paper follows this same approach, but
proposes a different means for approximating the multiple-timescale
states problem. The key idea of this paper is to employ different dis-
cretizations for the slow- and fast-state variables. The fast variables
are discretized by means of a differentiation approach, whereas the
slow variables are discretized by means of a quadrature approach.
The discretizations are unified by choice of nodes, as elaborated in
the following subsection.

Node Selection

The principle idea of this work is that the slowly varying states do
not need to be discretized using the same number of nodes as the
faster states. At the same time, it is desirable to capture the effects of
the variations in fast states and the control inputs on the slow states. It
is possible to combine these two properties by exploiting some key
properties of pseudospectral methods, namely, node selection and
quadrature.

For boundary value problems, the Gauss–Lobatto points are a
natural choice for nodes because they combine a high accuracy of
interpolation with highly accurate quadrature approximations. Two
popular choices for Gauss–Lobatto points have been used widely in
the literature. Legendre–Gauss–Lobatto and Chebyshev–Gauss–
Lobatto points are based on the roots of the derivatives of Legendre
and Chebyshev polynomials, respectively, which are two instances
of the more general Jacobi polynomials. The LGL points minimize
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the L2 norm of the approximation error, whereas the CGL points
minimize the maximum norm of the approximation error. When N
nodes are used, the LGL quadrature rule is exact for polynomials of
the order 2N 
 1, whereas when the CGL points are used, the
corresponding Curtis–Clenshaw quadrature rule is only exact for
polynomials of orderN. However, the CGL points have an important
property that is useful for implementing a multiple-to-one timescale
collocation approach. To understand this point, consider the CGL
nodes for an Nth order polynomial defined over the interval
� 2 �
1; 1�:

�j �
 cos

�
�j

N

�
; j� 0; . . . ; N (8)

For any base number of nodes N!1
and base 2 multiplier i, the jth

node corresponds to the 2ijth node because

�!2

2ij
�
 cos

�
�2ij

2iN!1

�
� �!1

j (9)

where the superscript !1 denotes the slow time base, and !2 denotes
the fast time. The advantage in this for multiple-to-one timescale
collocation is that no interpolation of the high-frequency states is
required. The slower states will have collocation points that corres-
pond exactly with a subset of the faster states. This is illustrated in
Fig. 1, which shows the set of nodes for N � 10, 20, and 30. In
this figure, N � 10 represents the nodes corresponding to the
discretization of the slow states. For a two-to-one discretization of the
fast states, N � 20, the fast states are discretized with an additional
node between the slow-state nodes. For a three-to-one discretization
of the fast states, N � 30, the fast states have three additional nodes
between the slow-state nodes. Arbitrary multiple-to-one discretiza-
tions are possible using this approach. Hence, the slow-state nodes
always coincide with a subset of the faster nodes.

State and Control Approximations

Fast States

The approximation of the fast states is performed using a standard
Chebyshev pseudospectral method [18], with the difference that the
derivatives of thevectorfield are a function of the fast and slow states.
The fast states and controls are approximated using N!2

th degree
Lagrange interpolating polynomials:

x !2
��� �

XN!2
k�0
�x!2
�k�k���; u��� �

XN!2
k�0
�u�k�k��� (10)

where

�k��� �
YN!2
j�0
j≠k

�
� 
 �j
�k 
 �j

�
� g���
�� 
 �k�g0��k�

; k� 0; . . . ; N!2

(11)

is the general form of the Lagrange interpolating polynomial with
nodes at �k, and �x!2

�k and �u�k are the values of the fast states
and controls at the nodes �k. For the CGL nodes, Eq. (11) can be
expressed in terms of the N!2

th degree Chebyshev polynomial
TN!2 ��� as follows:

�k��� �
�
1�k�1�1 
 �2�T 0N!2 ���

ckN!2
�� 
 �k�

; k� 0; . . . ; N!2
(12)

where

ck �
�
2 k� 0; N!2

1 1 � k � N!2

(13)

The Chebyshev polynomials of order k are defined as follows:

Tk��� � cos�kcos
1����; � 2 �
1; 1� (14)

The fast states are approximated using the standard Chebyshev
pseudospectral method, which differentiates the approximating
polynomial for the state trajectory and forces it to be equal to the state
equations at the CGL nodes. Derivatives of the state vector at the
CGL points may be related to the state vector at the CGL points by
way of a differentiation matrix:

x 0N!2
��k� �

XN!2
j�0
�x!2
�j�0j��k� �

XN!2
j�0

Dk;j�x!2
�j (15)

where the coefficients Dk;j are entries of a �N!2
� 1� 	 �N!2

� 1�
differentiation matrix, D:

D :� �Dk;j�

�

8>>>>><
>>>>>:

�ck=cj���
1�j�k=��k 
 �j��; j ≠ k


�k=�2�1 
 �2k��; 1 � j� k � N 
 1


�2N2 � 1�=6; j� k� 0

�2N2 � 1�=6; j� k� N

(16)

The computational domain for theCGLnodes is � 2 �
1; 1�, whereas
the physical time domain is t 2 �t0; tf �. The computation domain is
mapped to the physical domain via

t�
tf 
 t0

2
� �

tf � t0
2

(17)

Using this definition, the state equations are enforced using equality
constraints of the form

2

tf 
 t0
XN!2
j�0

Dk;j�x̂!2
�j 
 f!2

�x!1
; x!2

; u; t�jtk � 0

k� 0; . . . ; N!2
(18)

The slow states that appear in Eq. (18) are not known explicitly at all
the CGL nodes corresponding to the fast states. Instead, the slow
states must be interpolated at the fast nodes. This is achieved by way
of the Lagrange polynomial on which the approximations are based.
For implementation, the interpolated slow states are obtained via a
matrix–vector product as follows

x !1
��!2
� ��x!1

��!1
� (19)

where the entries of the �N!2
� 1� 	 �N!1

� 1� interpolation matrix
� are given by

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
0

0.5
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τ

Nodes for N = 30 

Nodes for N = 10 

Nodes for N = 20 

Fig. 1 Examples of node distributions using Chebyshev–Gauss–

Lobatto points.
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�k;j �
(
�
1�j�1�1
�2

k
�T 0
N!2
��k�

cjN!2 ��k
�j�
; k ≠ j; j� 0; . . . ; N!2

1; k� j
(20)

Slow States

The differentiation approach used in the pseudospectral method is
not suitable for discretizing the slow dynamics because it would
ignore the variation in the fast states and/or control between the slow
nodes. That is, the differentiation approach enforces the dynamics in
an approximate fashion by forcing the derivative of the approxi-
mating polynomial to be equal to the vector field at the nodes in a
pointwise fashion. To accumulate the information of the fast state in
the average slow state, the use of integration rather than differen-
tiation is the natural choice. The slow states are enforced by using
quadrature constraints in a similar manner to that used by Williams
[19] and Williams and Trivailo [20]. In [20], integration of the states
was performed analytically for the case ofN � 5, whereas Williams
[19] derived a general integration matrix for an arbitrary number of
nodes. In [19,20], the LGL nodes were used and only the case of a
single timescale was considered. In this section, quadrature con-
straints are derived for the case of multiple timescales using the CGL
nodes.

For the variation in the slow state to account for the fast-state
information, the vector field of the slow state must be discretized at
the fast nodes and not just at the slow nodes. To achieve this, the
vector field is approximated directly by means of N!2

th degree
Lagrange interpolating polynomials:

f !1
��� �

XN!2
k�0
�f!1
�k�k��� (21)

Because the values of the vector field at the fast CGL nodes are used
in Eq. (21), the values of the states and controls at the fast CGL nodes
appear directly in the evaluation of Eq. (21). Note the difference in
subscript corresponding to the fast nodes and the approximation of
the vector field of the slow states at the fast nodes. Integration of
Eq. (21) from t0 to the slow node times leads to

�x!1
�j � �x!1

�0 �
�
tf 
 t0

2

�Z
�j


1

XN!2
k�0

�k����f!1
�k d�

j� 1; . . . ; N!1
(22)

If we define the integral of the Lagrange interpolating polynomials to
be the entries of a N!1

	 �N!2
� 1� integration matrix

I j
1;k ≜
Z
�j


1
�k��� d�; j� 1; . . . ; N!1

; k� 0; . . . ; N!2

(23)

then the discrete constraints for the slow states can be written in the
form of a matrix multiplication:

�x!1
�j � �x!1

�0 �
�
tf 
 t0

2

�XN!2
k�0

I j
1;k�f!1
�k; j� 1; . . . ; N!1

(24)

The entries of the integration matrix may be calculated from the
following closed-form solution (see the Appendix for a derivation):

I j
1;k �
1

�T0N�1��k� 
 T 0N
1��k��TN��k�

�
TN��k�

Z
�j


1
TN��� d�

� 2
XN
1
p�0

Tp��k�
Z
�j


1
Tp��� d�

�
(25)

with

Z
�j


1
Tp��� d� �

1

2

�
Tp�1���
p� 1



Tp
1���
p 
 1

�
�j


1
(26)

The slow-state dynamics are enforced by using Eq. (24) as a
nonlinear equality constraint in the nonlinear programming problem.

Performance Index

The integral performance index is discretized via a quadrature rule
across the entire time interval. Using the interpolation matrix, the
slow states are interpolated at the fast-node times. Hence, all states
and control values are obtained at the fast-node times. The integral
performance index is then approximated using the following quad-
rature rule:Z

tf

t0

L�x!1
�t�; x!2

�t�; u�t�; t� dt

�
�
tf 
 t0

2

�XN!2
k�0

IN!1
1;kL�x!1
�tk�; x!2

�tk�; u�tk�; tk� (27)

Note that the last row of the integration matrix is an alternative
representation of the Clenshaw–Curtis quadrature rule.

Sparsity

The solution speed of most nonlinear programming software is
significantly enhanced if the Jacobian of the nonlinear constraints is
sparse in nature, that is, themajority of nonzero terms appear along or
close to the diagonal. The sparsity of the Jacobian can be increased by
dividing the entire time interval into a series of subdomains and
applying the discretization to each subdomain. Continuity of states is
achieved by means of enforcing link conditions between each sub-
domain. Ross and Fahroo generalized this idea to consider various
types of link conditions called knots in [21]. It should be noted that
the discretization developed in this paper can be applied to more
advanced knotting conditions. However, the approach adopted in this
paper is to simply divide the entire time interval into M equal sub-
intervals, with the states linked across the subintervals via equality
constraints.

Summary of Algorithm

The implementation of the transcription algorithm is summarized
using the following key steps:

1) Choose a level of discretization for the slow states, N!1
.

2) Choose an integermultiple of the slow state,n, for discretization
of the fast states and control inputs, N!2

� nN!1
.

3) Obtain the node distributions for the slow and fast states using
Eq. (8).

4) Form the interpolation matrix using Eq. (20).
5) Form the differentiation matrix using Eq. (16).
6) Form the integration matrix using Eq. (25).
7) Discretize the state dynamics, cost function, boundary condi-

tions, and link conditions using Eqs. (18), (24), and (27). The equa-
tions for the boundary and link conditions are trivial.

8) Solve the resulting nonlinear programming problem using
large-scale optimization software, for example, SNOPT [22].

Analytic Example

To demonstrate the applicability of the discretization approach, a
simple optimal control problem is considered with an analytic solu-
tion. Consider the problem of minimizing the cost function

J �
Z
tf

0

1

2
u2 dt (28)

subject to the state equations

_x 1 � x2 (29)

WILLIAMS 91



_x 2 � C sin�kt� � u (30)

together with the endpoint constraints

x1�0� � 0; x2�0� � 0 x1�tf� � B; x2�tf� � 0 (31)

The analytic solution to this problem can be obtained using
Pontryagin’s maximum principle and is given by

x1 �
�C=k2� sin�kt� � c1�t3=6� � c2�t2=2� � �C=k�t
x2 �
�C=k� cos�kt� � c1�t2=2� � c2t� �C=k�
u�
c1t 
 c2 (32)

where the constants of integration are given by

c1 �
�6=t2f���C=k� cos�ktf� 
 �C=k�
� �12=t3f��B� �C=k2� sin�ktf� 
 �C=k�tf�

c2 � �2=tf���C=k� cos�ktf�

 �C=k�� 
 �6=t2f��B� �C=k2� sin�ktf� 
 �C=k�tf� (33)

In this example, the state x2 is the fast state and x1 is the slow state if k
is chosen to be sufficiently large. If k� C, then the response of x1 is
dominated by the polynomial variation with respect to time, and the
periodic response will have a negligible component. The periodic
component in the response of x2, on the other hand, will have a factor
of k greater influence, with a reduced polynomial component.

Figure 2 shows the results obtained from the multiple-timescale
pseudospectral method usingN!1

� 10, with an 8:1 scale for the fast
states. The constants employed in the solution are C� 0:1, k� 8,
tf � 10, andB� 1. Themaximum error from the true solution for x1
is 2:26e 
 5 and for x2 is 8:6e 
 6. Note that the exact solution does
not have an exact polynomial representation due to the presence of
the periodic terms. Hence, the polynomial approximations used
in the method do not result in exact solutions. For this particular
example, a high number of nodes is needed to capture the variation in
the fast state, whereas only a few nodes are needed to capture the
variation in the slow state. The difference in the number of decision
variables between solving a full-scale pseudospectral discretization
and using themultiple-timescale approach for this particular problem
approaches 33% as the ratio of fast variables to slow variables grows.
For larger-scale problems that involve more state variables, the
difference becomes quite significant.

Application to Electrodynamic Tether System

The discretization approach derived in the previous section is
applied to the problem of determining optimal orbit transfers for
electrodynamic tethers. For simplicity, the tether system is assumed

to consist of an inelastic straight tether (constant length) connected to
two satellites, modeled as point masses. Because the maximum
current allowed to flow through the tether is a function of the local
ionospheric plasma density and some other properties of the system,
the electric current used for propulsion is typically restricted to small
levels. The low magnitude of the electromagnetic forces means that
the orbital elements change very slowly; hence, it is more convenient
to express the motion of the system using orbital perturbation
equations. A set of classical orbital parameters are used in this paper
rather than a set of modified equinoctial elements. The approach is
easily extended to consider other representations of the orbital
elements.

The system model is illustrated in Fig. 3. The motion of the tether
system center of mass is governed by the set of general perturbation
equations. In Gauss’s form, they are

_a� �2a2=h��e sin���fr � �p=r�ft� (34)

_e� �1=h�fp sin���fr � ��p� r� cos��� � re�ftg (35)

_!� �1=he��
p cos���fr � �p� r� sin���ft�

 �r sin�!� �� cos i=h sin i�fh (36)

_i� �r cos�!� ��=h�fh (37)

_�� �r sin�!� ��=h sin i�fh (38)

_�� h=r2 � �1=eh��p cos���fr 
 �p� r� sin���ft� (39)

where a is the orbit semimajor axis, h�
�����������������������
�a�1 
 e2�

p
is the orbit

angular momentum, � is the orbit true anomaly, ! is the argument of
perigee,p� a�1 
 e2� is the semilatus rectum, r is the orbit radius, e
is the orbit eccentricity, � is the right ascension of the ascending
node, i is the orbit inclination, and fr, ft, and fh are the components
of the disturbing acceleration vector in the radial, transverse, and
orbit normal directions, respectively.

In addition to the orbital elements describing the position of the
center of mass of the system, the orientation of the tether is described
by the in-plane libration angle, �. The variation in electrodynamic
forces with the in-plane angle is described in the following sub-
section. The out-of-plane motion is neglected in this paper, which is
approximately true for spinning tether systems [12] or for equal
satellite masses on the tether tips.

The electromagnetic force acting on an element of the tether is
given by the Lorentz equation
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Fig. 2 Comparison of multiple-timescale pseudospectral method with

analytical optimal solution using an 8:1 discretization. Fig. 3 Simplified electrodynamic tether model.
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dF� IdL 	B (40)

where dL is a vector along the tether line, I is the current in the tether,
and B is the magnetic field vector in the orbital frame for which the
components are defined by (assuming a nontilted dipole) [23]

Bx �
2��m=r3� sin�!� �� sin i (41)

By � ��m=r3� cos�!� �� sin i (42)

Bz � ��m=r3� cos i (43)

The electromagnetic forces and torques acting on the system are
determined by integrating Eq. (40) along the tether. The resulting
perturbative accelerations due to electromagnetic forces are given by

fr � �IL=m�Bz sin � (44)

ft �
�IL=m�Bz cos � (45)

fh � �IL=m��By cos � 
 Bx sin �� (46)

Note that it has been assumed that a uniform current is flowing
through the tether.

Numerical Results

Optimal orbit transfers using electrodynamic tethers have been
previously determined using two different approaches. In the first
approach used in [8], the entire state trajectory was discretized, and
the electric current was determined subject to hard bounds. In the
second approach, used in [9–11], the electric current was expanded
using a Fourier series with the coefficients of the series selected to be
functions of time. The dynamical constraints were enforced using
averaged orbital elements. The approach adopted here combines the
best of both approaches, in that the electric current is discretized
directly, but the slowly varying orbital elements are averaged using
numerical integration. Thus, no assumptions about themagnitudes of
variables or series expansions are required to carry out the optimi-
zations. It is noted that the approach developed here can be applied
purely using the slow-state representation for the states and using the
Fourier series form of the control. The problem with using such an
approach is that the electric current variation is suboptimal due to the
inability to apply hard constraints on the maximum and minimum
current.

Short Transfer with Spinning Electrodynamic Tether

The first example serves to illustrate the accuracy of the approach
compared with a high-order solution obtained using the Hermite–
Simpson method. The Hermite–Simpson method is implemented
with 300 equally spaced nodes. The example uses a spinning tether
system, in which the spin rate of the tether is assumed to be constant.
This contrasts sharply with earlier work that neglects the in-plane
librations or rotations of the tether completely. The in-plane angle of
the tether is prescribed to be �� 2�. The discretization uses seven
subintervals with 20 nodes representing the slow-state solution.
Thus, the discretization uses less than half of the nodes of the full
solution.

A short orbit transfer is used for comparing the results of the new
discretization with that of the Hermite–Simpson method. The
problem is to maximize the orbit semimajor axis in a fixed period of
time. The other orbit parameters are to remain constant (i.e., return to
their original values, except for the semimajor axis) and are given by
(initial values)

a� 6878 km; e� 0:02; !� 30 deg

i� 30 deg; �� 50 deg (47)

The tether length is 15 km, and the total system mass is 420 kg. The
current is limited to 4 A and can be backdriven. These are similar
values to those used in [8]. Numerical results are shown in Figs. 4 and
5, which show the variation in the orbit semimajor axis and
eccentricity for five orbits. Note that the time is nondimensionalized
using the mean anomaly corresponding to a circular orbit at the
original semimajor axis. Figure 4 shows that the semimajor axis
increases by approximately 50 km. There is very good agreement
between the high-order discretization and the slow-state approxi-
mation. Figure 5 shows the variation in the eccentricity, showing that
the slow-state approximation is able to adequately capture the vari-
ation in the state. Figure 6 gives the applied current required to
achieve the orbital boost, showing the nonperiodic, bang–bang
nature of the controls.

Minimum Time Orbit Boost with Hanging Tether

A minimum time orbital boost using a hanging tether was
determined using the multiple-scale pseudospectral method. The
problem is to maneuver the electrodynamic tether system defined in
the previous section from the starting orbit

a� 6878 km; e� 0:02; !� 30 deg; i� 30 deg

�� 50 deg; �� 0 (48)
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to the final orbit

a� 8000 km; e� 0:02; !� 30 deg; i� 30 deg

�� 50 deg (49)

in minimum time. Note that the electric current is assumed to be
available at full strength, and no modeling of the variation of the
maximum current with ionospheric conditions has been imple-
mented. This assumption should be removed in future work.

The problem was solved using a 3:1 discretization, with
N!1
� 20, and the time domain divided into 30 subintervals. The

minimum time for the maneuver was found to be 94.38 orbits.
Figure 7 shows the variation in the semimajor axis during the
maneuver, Fig. 8 shows the eccentricity and argument of perigee,
and Fig. 9 shows the inclination and right ascension of the
ascending node. All the solutions shown are the propagated solu-
tions using a Runge–Kutta method with interpolation of the discrete
current. These results show that the minimum time maneuver first
reduces altitude before climbing. During the descent, the inclination
is increased while the ascending node is held approximately con-
stant. The descent is used to speed up the ascent later in the maneu-
ver. The current input is shown in Fig. 10. Initially, the current is
applied in a bang–bang manner, but after approximately 60 orbits
the current is applied at a constant level of 
4 A. This illustrates
that the optimal current is not periodic for long maneuver times. The

results also show that the method is accurate when propagated using
a high-order, small-time-step propagation method.

Minimum Time Inclination Change with Hanging Tether

A minimum time inclination change using a hanging tether
was determined using themultiple-scale pseudospectralmethod. The
problem is to maneuver the electrodynamic tether system defined in
the previous section from the starting orbit

a� 6878 km; e� 0:02; !� 30 deg; i� 30 deg

�� 50 deg; �� 0 (50)

to the final orbit

a� 6878 km; e� 0:02; !� 30 deg; i� 33 deg

�� 50 deg (51)

in minimum time. This represents an increase in the inclination of
3 deg. The problem was solved using a 3:1 discretization, with
N!1
� 20, and the time domain divided into 30 subintervals. The

minimum time for the maneuver was found to be 119.96 orbits.
Figure 11 shows the variation in the semimajor axis during the
maneuver, Fig. 12 shows the eccentricity and argument of perigee,
and Fig. 13 shows the inclination and right ascension of the
ascending node. The results illustrate that the inclination increases in
a linear fashion, with the system maintaining a slightly lower orbit
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time orbit boost with hanging tether, showing propagated solutions.
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than the original. The electric current is entirely bang–bang through-
out the maneuver. The propagated solutions show that the method is
accurate and captures the changes in the states due to the bang–bang
control quite well. The variation of the orbital elements is not secular
over long periods of time.

Minimum Time Orbit Boost with Spinning Tether

In this section, an orbit boost is considered with a spinning
electrodynamic tether instead of a hanging tether. The problem is to
maneuver the electrodynamic tether system defined in the previous
section from the starting orbit
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Fig. 10 Electric current during minimum time orbit boost with

hanging tether: a) current over whole maneuver, and b) close-up of

current between orbits 25 and 45.
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spinning tether, showing propagated solution.

0 10 20 30 40 50 60 70 80 90 100
0.016

0.018

0.02

0.022

Orbits

E
cc

en
tr

ic
ity

0 10 20 30 40 50 60 70 80 90 100
26

28

30

32

34

Orbits

A
rg

um
en

t 
of

 p
er

ig
ee

 (
de

g)

Fig. 15 Orbit eccentricity and argument of perigee during minimum

time orbit boost with spinning tether, showing propagated solutions.

WILLIAMS 95



a� 6878 km; e� 0:02; !� 30 deg; i� 30 deg

�� 50 deg; �� 0 (52)

to the final orbit

a� 8000 km; e� 0:02; !� 30 deg; i� 30 deg

�� 50 deg (53)

inminimum time,with the tether spinning such that �� 3t, where t is
represents the mean anomaly of a circular orbit at 6878 km. In other
words, the system spins at a constant rate of approximately three
times per orbit. The problem was solved using a 3:1 discretization,
with N!1

� 20, and the time domain divided into 30 subintervals.
The minimum time for the maneuver was found to be 92.17 orbits,
which is slightly less than that required for a hanging tether. Figure 14
shows the variation in the semimajor axis during the maneuver,
Fig. 15 shows the eccentricity and argument of perigee, and Fig. 16
shows the inclination and right ascension of the ascending node. The
maneuver dynamics are similar in principle to those of a hanging
tether, except that the system descends quicker, achieving the initial
change in inclination faster. Unlike the hanging tether, the current
must be phased properly with the tether direction. Hence, the electric
current is bang–bang throughout the maneuver. The propagated
results show that good accuracy is still maintained.

Minimum Time Inclination Change with Spinning Tether

In this final problem, the advantage of using a spinning electro-
dynamic tether for changing orbit inclination is illustrated. The
problem is to maneuver the electrodynamic tether system defined in
the previous section from the starting orbit

a� 6878 km; e� 0:02; !� 30 deg; i� 30 deg

�� 50 deg; �� 0 (54)

to the final orbit

a � 6878 km; e � 0:02; ! � 30 deg

i � 34:5 deg; � � 50 deg (55)

in minimum time. This represents an increase in the inclination of
4.5 deg, which is 50% greater than the change in inclination con-
sidered earlier with a hanging tether. The problemwas solved using a
3:1discretization,withN!1

� 20, and the timedomaindivided into30
subintervals. The minimum time for the maneuver was found to be
120.05 orbits, which is approximately equal to the time required to
maneuver thehanging tetherwithachangeofonly3degin inclination.
Hence, the spinning system is much more efficient at changing the
inclination. This is consistent with previous suboptimal results [10].
Figure 17 shows the variation in the semimajor axis during the
maneuver,Fig.18showstheeccentricityandargumentofperigee,and
Fig. 19 shows the inclination and right ascension of the ascending
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Fig. 17 Orbit semimajor axis during minimum time orbit boost with

spinning tether, showing propagated solution.
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Fig. 18 Orbit eccentricity and argument of perigee during minimum

time orbit boost with spinning tether, showing propagated solutions.
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node. These results show that the semimajor axis varies over a wider
range compared with the hanging tether maneuver. In contrast, the
other orbital elements are slightly more constrained due to the
averaging effect of using a spinning tether.

Conclusions

The discretization technique proposed in this paper takes
advantage of the best features of the traditional pseudospectral
method, combined with quadrature integration rules, for approxi-
mating the dynamics of multiple-timescale systems. The resultant
smoothing of the slow-state dynamics results in significantly fewer
optimization variables than a full transcription of the original
problem, but without a significant sacrifice in accuracy. In the main
case of an electrodynamic tether, trajectories can be optimized over
long time intervals using a high number of nodes to capture the bang–
bang variation in electric current typical of many optimalmaneuvers.
Fewer nodes are used to approximate the state trajectories, which
retain the information about the switches in current due to the use of
numerical integration rules.No analytic integration or simplifications
of the dynamical equations are necessary. When used to optimize
the trajectory of a spinning electrodynamic tether system, faster
maneuvers are possible than can be obtainedwith a hanging/librating
tether. The results of a specific example show that, after 120 orbits, a
spinning tether system can achieve a 4.5 deg increase in inclination
compared with a 3 deg increase for a hanging tether system.

Appendix: Derivation of Integration Matrix

We aim to derive the entries of the integration matrix

I j
1;k ≜
Z
�j


1
�k��� d�; j� 1; . . . ; N!1

; k� 0; . . . ; N!2

(A1)

The general expression for the Lagrange interpolating polynomial is

�k����
YN!2
j�0
j≠k

�
�
 �j
�k 
 �j

�
� g���
��
 �k�g0��k�

; k� 0; . . . ;N!2
(A2)

By definition of the CGL nodes,

g��� � ��2 
 1�T 0N��� � �N=2��TN�1��� 
 TN
1���� (A3)

Hence, we have the following:

g0��� � �N=2��T 0N�1��� 
 T 0N
1���� (A4)

TheChristoffel–Darboux identity for Chebyshev polynomials can be
written as

Bm��; z� �
Xm
k�0

2Tk���Tk�z� �
Tm�1���Tm�z� 
 Tm���Tm�1�z�

� 
 z
(A5)

Using this relationship, we obtain the following:

BN��; z� � BN
1��; z� �
TN�1���TN�z� 
 TN���TN�1�z�

� 
 z

� TN���TN
1�z� 
 TN
1���TN�z�
� 
 z

� 2

N

�
g���TN�z� 
 TN���g�z�

� 
 z

�
(A6)

Let z� �k, where �k is a zero of g���,

BN��; �k� � BN
1��; �k� �
2

N

�
g���TN��k�
� 
 �k

�
(A7)

It is evident that the right-hand side of Eq. (A7) resembles the form of
the Lagrange interpolating polynomial that needs to be integrated to

form the entries of the integrationmatrix in Eq. (A1). Integrating both
sides of Eq. (A7) leads toZ

�j


1
�BN��; �k� � BN
1��; �k�� d� �

2

N
g0��k�TN��k�I j
1;k (A8)

Using Eqs. (A4) and (A5) and rearranging, we obtain

I j
1;k �
TN��k�

�T 0N�1��k� 
 T 0N
1��k��

Z
�j


1

�XN
p�0

2Tp���Tp��k�

�
XN
1
p�0

2Tp���Tp��k�
�
d� (A9)

The integral of a Chebyshev polynomial may be evaluated asZ
�j


1
Tp��� d� �

1

2

�
Tp�1���
p� 1



Tp
1���
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 1
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(A10)
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